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The three-spin deviation problem for the Heisenberg Hamiltonian is attacked by the Faddeev technique.
The fact that the two-particle ¢ matrix is separable facilitates the solution. In one dimension, the resulting
equation can be numerically solved to obtain the eigenvalue. In two and three dimensions, integral equations
in one vector variable appear, but no progress has so far been made towards their solution.

I. INTRODUCTION
EXACT eigenstates of the Heisenberg Hamiltonian

=—3/ Zb S;-8j+s ¢y
K

have been investigated repeatedly. The summation in
(1) extends over all lattice vectors j and over the vectors
8 which join one spin to one of its nearest neighbor. We
shall consider the case where each spin has the magni-
tude 3 and J>0. The total number of spins is N.
Clearly, S*=3_;S is a good quantum number. It is
convenient to classify the eigenstates in terms of the
spin deviation % from the exactly aligned ground state
with S?=—1N. Define

n=S"+iN. )

n=0 corresponds to the ground state. The states with
n=1 were called spin waves by Bloch.! Bethe? made a
complete study of the various spin-deviation states of
the Hamiltonian in a one-dimensional linear chain, but
in two and three dimensions, the progress has been
rather slow. As a part of his work on the general theory
of spin-wave interactions, Dyson? investigated the two-
spin deviation (#=2) problem in two and three dimen-
sions. The solution was completed in these cases by
Wortis* using the Green’s functions, and by Fukuda
and Wortis® by applying simply the Schrodinger
equation. The two-spin deviation problem is soluble,
because after separating the center-of-mass motion, it
is reduced to an effective one-body problem. One can
even solve this problem when the interaction extends
beyond the nearest neighbors.®

The purpose of this work is to consider the problem
for =3 by the procedure developed by Faddeev’ for
three-particle scattering. The work of Wortis* and
Fukuda and Wortis® shows that the two-body potential,
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albeit defined in an overcomplete basis, is separable.
Therefore, the two-particle-scattering ¢ matrix is also
separable. It has been shown by Lovelace® that with a
separable two-particle ¢ matrix, the Faddeev equations
can be simplified considerably.

We shall show that the Faddeev equations in one
dimension can be reduced to a single integral equation,
and we shall obtain the eigenvalue of the three-spin
bound state, in which a block of three reversed spins
travels together in a chain of aligned spins. The eigen-
value can be guessed—indeed, Bethe also guessed it—
and verified numerically. The analytical solution of the
integral equation, for instance, the eigenfunction, has
not been obtained.

The Faddeev method is potentially capable of
attacking the two- and three-dimensional problems,
and in each case integral equations in one (vector)
variable appear at the end. Unfortunately, however, no
analytical method to handle these formidable integral
equations has been found so far, and no progress has
been made to extract the eigenvalues. Nevertheless, a
soluble example of the Faddeev equations for the one-
dimensional Hamiltonian is of sufficient interest in
itself. Hopefully, the three-dimensional problem can be
discussed in detail in future.

II. DYSON’S IDEAL SPIN-WAVE HAMILTONIAN

The two-spin derivation problem was solved by using
an overcomplete basis,® and only in this way does a
simplification occur. The problem of utilizing an over-
complete basis in connection with Eq. (1) was discussed
extensively by Dyson. He found that the most con-
venient way was to introduce the ideal spin-wave model,
and to define a pseudo-Hamiltonian in this model from
which dynamical calculations might proceed. We
briefly indicate the steps involved in the introduction of
the ideal spin-wave Hamiltonian.

The commutation rules of the'spin vector S; attached
to the lattice sites j are

LS Sit]=0nS, [SiHSv1=28sS7,  (3)
with
SiE=87415v.
8 C. Lovelace, Phys. Rev. 135, B1225 (1964).
9 R. G. Boyd and J. Callaway, Phys. 138, A1621 (1965).
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The spin operators attached to the reciprocal lattice
are defined by

Sy=N"23 exp(id-)8;, ©)
J

with commutation rules
[S),S,£]=£N-128, .+, ”
LSS )= N85, 2.

The fully aligned ground state of the system [0) is
defined by

Si7[0y=0, S7|0)=—3[0), (6)
for all j, or, equivalently,
S$X710)=0, Sx*[0)=—3N"25]0), (7

for all A. Bloch’s spin wave with wave vector X is
defined by
[13)=5x%0). 8)

These states are properly normalized and are orthogonal
to each other and to |0). For states with more than one
spin-wave present, we use a natural generalization of
(8). Let {a} represent any set of non-negative integers
ay, one attached to each reciprocal-lattice vector A.
Then the spin-wave state |a), containing a) spin waves
with wave vectors 2, is defined by

| a>=1} L@ (SxH)]10). )

Assoonas ) ay> 1, thestates (9) are neither normalized
nor orthogonal to each other. The states (9) are much
more numerous than the total number 2% of independent
states which the spin system possesses. The nonorthog-
onality of the states (9) produces an interaction be-
tween spin waves called the kinematical interaction.
The physical cause of this interaction is the fact that for
spin %, the spin at each site cannot be reversed more
than once. There is another spin-wave interaction which
arises from the fact that the Hamiltonian (1) is not
diagonal in the states (9). This is called the dynamical
interaction.

In terms of the operators (4), the Hamiltonian (1)
can be written as

H=—53 S-S, (10)
A

where

=2 exp(id-2d). (11)

We shall consider only the linear chain, the two-
dimensional square, and the three-dimensional simple
cubic lattice, each of which has inversion symmetry.
The effect of operating with (10) on a state like (9) is
given by the fomula

H| a>=[Eo+§ are]| a>+2b Qoald). (12)
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Here,

E0= _%]N’YOy (13>

The second sum in (12) extends over spin-wave states
|6) which are obtained from |a) by replacing one pair
of spin waves (g,0) with a pair (p—%, 042%). The Oz,
are numerical coefficients containing

a=3J (yo—).

(14)

The second term in (12) is the nondiagonal part repre-
senting a scattering of one spin wave by another.

Now we construct the ideal spin-wave model. To
each lattice site j, attach a harmonic oscillator which
has states labeled by an integer #; taking values from 0
to . The oscillators possess creation operators 7;* and
annihilation operators 7; satisfying the relations

Cogyme]=Ln*n*]=0,
Coim*1=0n, ninj=u;.
A complete set of states for the whole system is

|“) =H [(”J'I)Hllz ("IJ'*)W] | 0).

I‘pa)\ FYNTYN—p ——'Y)\—,-a—}"y)\—{—a—p .

- (15)

(16)

The ideal spin-wave states are always indicated with
round brackets. These are not only orthogonal but
correctly normalized. Another complete set of orthog-
onal states is defined by

la) =IXI L@ (@*)*]]0), an

where

aF =N S exp (i)t (18)
7

The a)*’s are creation operators for harmonic oscillators

whose states are labeled by the integers aa; they
satisfy the relations

(19)

The harmonic oscillators, one attached to each point
of the reciprocal lattice, we call ideal spin waves.

The physical spin-wave states |a) and the ideal spin-
wave states |@) are in one-to-one correspondence, but
they belong to totally different Hilbert spaces. The
states |@) are orthogonal and kinematically indepen-
dent, while the states |a) are not.

Dyson now constructs an operator H in the ideal
Hilbert space which has the same effect on the ideal
spin-wave state |a) as the Hamiltonian in the physical
Hilbert space has on the states |a). That is to say,

H|a) =[E0+}; ae]| a)+2:. Qwal?),  (20)

[a)\,a,‘*] =0, ofaa=a.

with the same numerical coefficients e\ and Qs which
appear in (12). Such a Hamiltonian is given by

H=E¢+> ear*ar
)

1 o)
—1JIN7Y arnFa,aFael,.t.
Apo
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1 THREE-SPIN DEVIATION PROBLEM FOR HEISENBERG MODEL

This takes a particularly simple form when written in
terms of the atomic oscillator coordinates (15):

H=E\+3J Z;. (07 = n345") (03— 151)
J
+3J Zé‘, 0 5™ (i—nza)?.  (22)
J

The dynamical interaction in the ideal model still acts
only between nearest neighbors. The last term in (22)
is not Hermitian, and H cannot be directly interpreted
as a Hamiltonian in the ideal model, as it could be in
the physical model. Nevertheless, the scattering pro-
cesses can be caclulated in the usual way, treating H
as if it were an ordinary Hamiltonian and ignoring the
distinction between physical and ideal models.

III. TWO-SPIN DEVIATION ¢ MATRIX
Write the Hamiltonian as
H =H 1+H 2y (23)

where H, is the first two terms of (21) or (22). H, is
the dynamical interaction. H; is diagonal in the mo-
mentum space. The exact eigenvalues are measured
with respect to Eo. We want to solve the Schrédinger
equation

(Hi+Ho)y=Ey (24)

in the space n=2. Now

\I/=Zk ¥, k) n,*]0). (25)

¥(3,k) =y (kJ) is the conventional two-particle wave
function normalized, if necessary, such that

Wir=2% WG j*=1. (26)
Define an operator G such that
(Hi—E)G=1. 27

This is the usual Green’s function, and we consider the
matrix element of the operator G by inserting a com-
plete set of states:

3 X (mm| (Hi—E)| wiv) (w1 G| 2102)

K1,p2

= (7172 M), (28)

The states w1 u. are counted twice. The state with
y1=ys: is counted once, but has a norm=2. Hence the
factor 3 takes proper counting of independent states
into account. Hence we get

("1“2 l Gl 113»2) = (671+ €rg _E)—-l
X (Br00rngF0r200ran) - (29)

We now introduce the usual scattering equation with
the ¢ matrix:

V=v¥u+Gia. (30)
Here, ¥, represents the two free-spin waves, and
(Hi—EWa=0. (31)
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Hence,
Iflﬁa = ""H 211/ .

Using (25), we obtain
Hy=3J Zﬁ 0 Ng6* (3 —1i40)W
; .

(32)

=J Zal 1705 (O G~ G+3, D] (33)

As ¢, (1,j) we take two spin waves of wave vectors A+ g
and A—g,:

¥a(1,3) =N"{exp[i(A+g)-i] exp[i (2 —g)j]

+exp[i(A+e)-j] exp[i(d—p9)-il}. (34)
From (18) and (34), we get
Wa=2ar, on_,*|0)=2¢| Xp). (35)

From (33) and (35), we obtain
(Qu|#a) =20t X0)
=—J Zs (O] aryuon—un*n45*] 0)

. X[¥G3)—vG+38, )],
and with (18), we have

(\u|t|rg)=—JN? 2 exp(—2id-j—id-3)

Xcos(w- )Y —¥G+3, D] (36)

For ¢, we use (30), (34), and (35), calculate the matrix
elements with (29), and we obtain

(ult[oe)
=—2JN713 cos(u:d) exp(—ir-3)—cos(g-9)]
5

—JN1 Z COS(Uﬁ)[eXP(“*ll5)—exp(~¢v5):|
Sy
X[eawt+a—ET1(dv|t|2p). 37)

We then take the different dimensions successively:
For one dimension (linear chain with spins unit
distance apart),

(e[t Np)
47 2J
= —— cosp (cosA —cosp) —— cosu Y, (cos\—cos»)
N N v
X(enrt e, —E)! (}\V] l! IR (38)
The solution is
(e |t[Ap) =cospe(Np), (39)
with
o(\p) = — (47 /') (cosh—cosp) /
2J ™ cosv(cosA—cosy)
[1+— / ————-———dv] . (40)
TJo eptean—E
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We have, from (13), The integral in (40) can be done and the two-particle ¢
ex=J(1—cos\). (41)  matrix can be put in the form

4J cosu(cosh—cosp) cos?A[ (1 —2)>—cos\ /2

(wult[\p)=——

N (1—2){[(1—2)*—cos?A /2 — (1 —z—cos?\)}

where z=E/2J. The ¢ matrix has branch points corresponding to the edges of the continuum E=2J (12=cos))
and a bound-state pole at ‘
E=%J(1—cos2\). 43)

Recall that the c.m. momentum of the two-spin bound complex is 2A.
For two dimensions (square of unit side), we write

(Mut]| Xo) =cosus ot +cosuy &2, (44)
and
47 (cosh;—cosv,) cosvy
——(cosh,—c0sp) 2J /
1| W et —F
pl=— ’ (45)
Al 4T (coshy—cosvy) cosy,
—(coshy—cospy) 1-+27J /
N e tea—E

(cosAy;—cosv,) cosv, 47
1427 [ - (coshz—cosps)

1 e)\+,+e)\_y—-E N
P=— ’ (46)
A (coshy—cosvy) cosv, 47
2J / ——(cos\y—cospy)
é)\+v+ Ex—yp —E ZV

and the determinant A is given by

(cosA,—cosv;) COsv, (cosh;—cosv;) cosvy,
1+27 / 2J

EX—V+5)\+V""E e)\+v+5)\—v—E
A= . 47)
(coshy—cosvy) cosv, (coshy—cosv,) cosvy
J / 1427 /
expteo—,—LF epta,—FE
Here,
1 T T
/ = / / Av,dvy,
@2r)2) )
and

ex=J (2—cosh,—cos\,). (48)

A detailed discussion of the integrals is given by Wortis.4
For three dimensions (simple cubic lattice), the form of the two-particle ¢ matrix is

(Mu|#] 2e) =[cosus o'+ cosuy *+cosp, % ]/A . (49)
Define a determinant

(coshy—COsv,) COSV, (cosh;—cosv,) cosvy, (coshz—cosv,) cosv,
1+27 / 2J / 2J /
B B B

(50)

COSAy—COSVy) COSV, (coshy—cosw,) cosy COSAy—COSVy) COSV,
2]]( y v 1+2J/ y y y 2]/( y Vy) v .
B B B

(cosh;—cosv,) cosv, (cosh;—cosv,) cosv, (cos\,—cosv;) cosv,
27 / 2J / 1427 /
B B




1 THREE-SPIN DEVIATION
Here,
1 T ™ s
/E——/ / / dv,dv,dv,,
818) w Jer S
B =:€X44v'+'ék-v'-JEA
and

(1)

@', ¢* and ¢® can be written as determinants by replac-
ing the first, second, and third columns, respectively,
with the column

[—(@4J/N)(cosh,—cosp.),

ex=J (3—cos\;—CosA, —COs\,).

— (4J/N)(coshy—cospy) ,
— (47 /N)(cosh,—cospz) ].

Wortis? gives a discussion of the bound states, the
poles outside the continuum, for this problem. How-
ever, the integrals in (50) are formidable, and have not
been analytically obtained. Certain obvious sym-
metries exist among the ¢’s; they are useful in the
reduction of the integral equations in the three-spin
deviation problem.

Yo (JK) =N"32 73 exp(1dp,- 141dp, J+idps - k) ,
P

PROBLEM FOR HEISENBERG MODEL
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1v. THREE-SPIN DEVIATION PROBLEM

We have demonstrated the two-particle { matrix is
separable in one, two, and three dimensions. However,
in the two latter cases, the Faddeev equations lead to
integral equations for which no successful method of
solution has been found so far. We shall therefore
concentrate on the one-dimensional problem. The reader
is invited to check hereafter that, except in the final
solution of Sec. V, the dimensionality is of no
consequence.

We want to solve Eq. (24) for =3, and E now stands
for three-particle energy. Put

¥=2 Y (iik)n n*n*|0), (52)
15k

where ¥ (ijk) is the completely symmetric three-particle

wave function in the conventional sense. Define the

Green’s function Gy as before

with P being any permutation of numbers 1, 2, and 3 (symmetric group S3), we get

TY.=—Hy

(Hi—E)Go=1. (53)
Putting
¥v=%.+GoIY., (54)
with
(55)
(56)

=—3J 2 n*mis*ne* | 0) [ (k) +¢ (14-31+-8k) —¢ (114-8k) —y (1+-51k) ]
15k
-3/ lZ i n15* 1% | )L (D) +¢ A+8514-8) —y (j1+8) —¢ (14-5j2) ]
L)
-3/ lZ i nues*n*| 0) [y () +-¢ (i14-81+-8) —y (ill+5) —y (il+3D)].  (57)
%8

Let us denote the three-momentum vectors («1%s73) by [7]. Then we want to compute

(D"___” ) 53!([“] l T] [:)‘]) =(0 1 s, Ha) .

(58)

The reduction of the right-hand side requires rather tedious but completely straightforward algebra. In one

dimension, we get

(]I TN =—4INH 2 8(ur—A0)8(uatus—Na—Ns) cosg (ua—ps)[ cost (uatps) —coss (Na—As) ]

4+ > 8(ua—N1)8(usFu1—Ne—N\s) cosg (us—p1)[cosd (us+u1) —cosy (N\a—As) ]

1,2,3

+ 2 8(us—N1)d(matp2—Na—N3) cos3 (u1—us)[cosy (u1tus) —cost (Na—Ns) ]}

1,2,3

—3IN T AT b(ua—71)8 (s — 73— 74) cOsh (ua =) [c0sh (wa-t) —cosh (ra—74)]

[1 1,2,3

+ > 8(ue—71)8(ustur—7a—73) cosF (us—p1)[cosd (us+u1) —cost (r2—73) ]

1,2,3

+ > 8(us—71)8(uatpe—7a—735) cosg (u1—pa)[ cos3 (u1+us) —cosg (r2—73) ]}

1,2,3

X (571+512+573—E)—1([7']I Tl E}‘]) . (59)

The symbol 3_1,2,3 implies a sum over terms with cyclic permutation over (Ai\2A3) and (r17275). For example, the
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first term of the first part is
8 (u1—N1)8 (pa-tu, —N2—N3) cosg (e —us)[cos3 (ua+us) —cosz(A2—As) |
+6(u1—N2)d (uatus—A3—N1) cosg (uz—wus)[cos3 (uetps) —cosz(A\s—A1)]
+6(u1—N3)8 (uatps—A1—Nz) cos3 (us—us)[cos3 (uatus) —cosz(\1—N2)].  (60)
Taking advantage of the symmetry of the energy denominator and symmetric nature of |[7]), the second part
can be simplified into

—2J N7 32 {8(ur—71)0(uatus—r2—73) €085 (ua—ns)[ cosg (uatps) —cosy (r2—73)
[7]

+8(ua—72)8 (ustp1—r3—71) cosg (us—n1)[cosy (us+p1) —cosi (rs—71) ]
+8(us—73)8(u1tpe—71—72) cos} (1 —uz)[cos3 (urtus) —cosg (ri—72) 1}

X(enterte,—E) ([T]I T] D‘]) . (61)
This form is useful later. Clearly in (59), an over-all momentum-conserving é function can be taken out
(CeIITIIND =8 (uatuatus—A—Ae—Ns) (w1 | T|[A]). (62)

The prime denotes that the set [u]’ is such that ui+ps—+pus is a constant.
For further reduction it is convenient to introduce the following variables, the analog of Lovelace’s variables®:

K=pitus+ups,
pr=uatus, pr=muztu1, ps=u1tuz, (63)

=3 (e—ns), G2=3(us—u1), ¢s=3(u1—p2).

Similarly
’ K=}\1+}\2+>\3=71+7’2+73;

A3=N\1+)q, B=r1+72, (64)
As=3(\1—Ny), O3=3(r1—72),

and other relations obtained cyclically. Thus

(Y| TIINY)=—4IN[ X cosqid(p1—AY)(cosspr—cosAy)+ 2 cosgad(pa—AL)(cosgps—cosAy)
1,2,3 1,2,3

4+ > cosqsd(ps—AL) (cosgps—cosAi) ]—3TN7 30 [ 30 cosqid(pr—0") (cosgpr—coshi)+ 2, cosqgad(pa—06)
1,2,3

1,2,3 617 1,2,3

X (cospa—coshi)+ > cosqsd(ps—06') (cosyps—coshy) L e(k6) —ET (61| T|[N]). (65)

The energy denominator can be expressed in any of the three sets of variables (6%,;), whichever is convenient:
e(k6) —E=3J —J cos(k—6") —2J cos36" cos—E
=3J—J cos(k—0%)—2J cosi6? cosb—E (66)
=3J—J cos(k—0%) —2J cosi6® cosf;—E.
Now, following Faddeev and Lovelace, we write 7" as a sum of three different 7" matrices:
(e | TIINY) = 1(K prga| T INT) +2(K paga | T2 [NT) 45 (K pags | T*| [N ]). (67)

In T we use the first set of Lovelace variables, in 7% the second set, and in 7% the third set as indicated by the
subscript. We can now write down the matrix element of the two-body interaction Vi acting between particles

2 and 3:
1(Kp1ga| V1| [N]) = — (47 /N) cosq:[[8(p1—A") (cosgp1—cosAs) 3 (p1—A%)
X (cosgp1—cosAz)+8(p1—A3) (cosipr—cosAs)].  (68)
Similarly, V; and V; are defined in an obvious fashion. Equation (65) can now be broken up into three equations
for 11, 17, T3:
T1='- V1+V1G()T, I‘2= V2+V2G(]T, T3 = V3+V3GOT, (69)

where the operator Gy is given by
Go=% Y |mirers)[1/e(rimers) —E](r17273] - (70)
[r]
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The sum of the 7’s equals K. We can check that this is exactly the operator (53), the factor # taking proper count-
ing and normalization into account. The expanded equation for 7% is

1(Eprqa| THNT) = — (4T /N) cosqi[8(p1—AY) (costpr—cosA;) +8(p1—A2) (coss p1 —cosAs) +8(p1—A%)
X (cosipr—cosAs) ]— (2J/N) cosqr 3. 8(p1—6") (cosypr—cosh)[e(k0'9:) —E 11 (k66: | T|[N]). (71)
61,01

Now Faddeev’s method eliminates the interactions V1, Vs, V5 in favor of the corresponding ¢ matrices defined as
follows:
I=Vi+ViGiT1, To=VotViGiTs, Ts=Vs+ViGoTs. (72)
Now from (69) and (72),
V1 = T1(1+G0T1)—L s V1 7! (1+G0T)~1
Taking the inverses,
= (14+GoT1) (T) ™ = (T1)+Go= (14GoT) (TH)".

Hence

[(Tl)_1+G0]T1 = 1+GOT y
and multiplying by 7'; on the left,

T'+1G ' =T1+T1Go T,

so that
Tr=T14-1"Go(T2+1%). (73a)
Similarly,
T2=Tot-ToGo(T*4TY), (73b)
3= T3+T3G0(T1+T2). (73(:)

Equations (73) represent the Faddeev equations. Now by (72),

K pasl Tl DT =K | Vo D)~ 5 OO Cosimeod) o)
7 = 14 1 )\ ’
R s N 01,00 3] —J cos(k—0Y)—2J cosif! cosfy— L e

27 _ cosqi(cosypi—cost)1(Kpigi| T1|[N])
=1(Kpii [ Vi|N])—— 2 e R . (74)
N 61 3J—J cos(K —p1)—2J cossp; cosby—E

The solution is clearly

(cosyp1—cosh) cosd
(& s | 731D =K s V2| D) / (1+~ ) o9
N o 3J—J cos(K—p1)—2J cosspi cosb—FE
Compare this with Eqgs. (39) and (40). The integral can be done and we have
1K pagr| T1|[N]) = 1(Kpaga | VA [A]) costipa/D, (76)
where
D=1—w+3[1—cos(K—p1)]—{1l—w+3[1—cos(K—p;)]—cos?p:}
C032ép1 —1/2
X(l—— > , (1)
{1—wo+3[1—cos(K—p1)]}?

where w=E/2J. Using (68), we write

1(Ep1g1| T1ly) =cosqi®:1(Kp1y), 2(Kpage| Ta|y) =cosq:®s (K p2y), (18)
3(K psgs| Ts|y) = cosqs®s (K psy) .

Here @, is identified from (76) and (77). Notice that ®, is the same function of p; as ®; is of p, or ®; is of ps. The
solutions of (73) are
(K p1g1| T y) =1(K prga| T1| ) +cosgr¥1 (K pry) ,
2(Kpoga| T2 y) =2(K poge| T2| y) +cosga¥s (K py) , (79)
s(Kpsqs| T%|y) = s(K psgs| T's| ) +cosgs¥a (K psy) .

As with &, ¥, is the same function of p1 as ¥ or p» or ¥ of ps. Eq. (73) gives us for 7!

(BEprqr| T | K pago):
cosqi V1 (Kpry) =% 2 : =0 = z~[2(Kj)zq2[ Ta| y)+-cosya¥ o (K pay)]

P2.as e(Kpags)—E _
1(Epagr| T1| Kpsgs)s
+3i 2 [3(Kpsgs| Ts| y)+cosqs¥s(Kpsy)]. (80
13,03 e(Kpsqs)—E
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From (68) and (76), there are three terms in T, each of which gives the same contribution by symmetry. We
choose to express each of them in terms of the set Kp.q, for 72 and K psqs for T3 so that a factor of 3 appears,
and the final factor is £ in place of . Now to calculate the matrix element of T3, we have to reexpress K p»¢» and
K psqs in terms of the first set of variables in (63). The formulas for kinematical transformation are

p1=K—3potq2=K—3ps—qs, q=3(K—3p2—¢2)=53p:—K—gs). (81)
Also we write

| K poge)e=|KPoge)1, |Kpsgs)s=|Kpsga)i. (82)

Eq. (80) becomes

1(Eprgr| T1| Kpaga)r

cosqi¥1 (K p1y) =% 20 [o(K pagal Tal y)+cosqa¥s (K pay)]
3,43 E(KP2QQ)—'E

(Kprgi| Tr| KPags)
+3 2 S 3 - IES(KP&Q'&{Tzly)‘i“cosqa‘l’x(KP:sy)]- (83)
P22 G(Kf)gq;;) —FE

Now, recalling what is said under Eq. (80), we have
1(Kp1g1] T1| Kpaga) 1= — (47 /N) cosq18(p1—ps) (cosz p1—cosgs) cos’5p1/D, (84)
(K pr1q1| T1| Kpags) 1= — (47 /N) cosq:d (p1—ps) (coszp1—coss) cos’sp/D. (85)
Canceling the common factor cosqi, Eq. (83) becomes

2J 3(p1—pa) (coszp1—c0osGz) COS¥ p1COSqy
Vi(Kpry) =X(pry)—— T : :

N paas DEG(Kp2q2> -—E]
2J 8 (p1—p: 3 H1—COSq; 27 Sq3
s (p1—ps) (coszp1—c0sqs) cos’3p1 cosq WK pry).  (86)
N epea D[e (Kpgq;;)—-E]

The inhomogeneous term is

27 8(p1—p2)(coshpi—cosqs) cos’yp ’
X(pry) = 2 S - : : IA(KP‘zQ‘z!TzU)
N a2 D[£(KP2Q2)—-E]

2J 3(p1—pPs3) (cosy p1—cosds) cos?s py
N psa D[ e(K psqs) —E]

3(Kpsqs| T | y. (87

For any given initial state |y), the inhomogeneous term can be calculated. The & functions can be removed by
using (81):

27 _ 8(pr—K+3p2—ga)[cosipr—cos(GK —§pa—13¢2) ] cos’pr
Vi (Kpy) =X(pry)—— 2 ’ cosqa¥ o (K pay)
N pra2 D[3J —J cos(K—p2)—2J coskps cosga—FE]
2J _ 8(pr—K—3pstgs)[cosipr—cos(§ps—3K —3¢s) ] cos’z 1
N ps.a3 D[3J —J cos(K —p3) —2J cos}ps cosqgs—E]

cosqs¥s(Kpsy), (88)

or, dropping henceforth the unnecessary indices K,y:

2J  [coszpr—cos(K —%pi— pa)] cos(K — p1—3ps) coss pr¥a(pe)
V1 (p1) =X(p1) >
N »2 D[3J—J cos(K—ps)—2J cossps cos(K—p1—3p2) —E]
2 [coszpr—cos(K—4p1—ps)] cos(K —pi—3ps) cos’z pr¥s(ps)

N T D3I —T cos(K —ps)—2J coshps cos (K —pr—bps) —E]

(89)

Because of the nature of ¥, Eq. (89) represents a single integral equation for an unknown function ¥, the least
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two terms becoming identical:

4] _ [cosypi—cos(K—%p1—pa) 1lcos(K —p1—3ps) cos? pr¥ (ps)

¥ =X +— .
() =x(p) N % D[E—3T+J cos(K — ps)+2J coskpa cos(K—p1—32p2)]

(90)

This equation is obtained by starting from 7%; the same equation is obtained from 72 and 73 of (73b) and (73c).
This follows from the nature of the ¥’s. More basically, this can be traced to the complete symmetry between
the three-spin waves or the Bose statistics of the spin waves. The situation is analogous to that treated by Ahma-

dzadeh and Tjon for three pions constituting a bound particle.!®
The three-spin-wave bound states are obtained from the homogeneous equation

[cosipi—cos (K —5p1—p2)] cos(K —p1—5ps) cos?s pr¥ (pa)

1 T
¥ (p) = / ap

™

where

w=E/2J,

"D(wp)[w—3+} cos(K —p1)+4 cos(K —p2) +3 cos(K — pr—ps)]’

1)

(92)

and we have expressed the denominator in a symmetrical fashion.
We shall simply indicate the final form of the coupled integral equations in three dimensions. They have a

rather forbidding appearance. Let
1

Di]‘ =
(2m)

/ d0(cospyi—costy) cost;/[§—% 2. cos(K—p1)1—_ costpi; coshy—w]
r 1 1

(93)

[4,7=(1,2,3)= (%,,2)]. The summation over / implies that / is to be replaced by «, v, and z. D;;is a (3X3) matrix.

Define a kernel function

K o (prp2) ={ (€085 p12—C08q2) [ (14Dss) (14 Ds3) — DasDss ]+ (cosg p1, —cosg,)

X[ D13Dss—D1o(14Dss) ]+ (cosd pr.—c08qz) [ D1eDes — (14 Dss) D1z 1} /det (6:5-+Dij),  (94)
with
q=K—pi—3p,, (95)
we have v
T =c08¢.¥ - (p1) +c0sq, ¥, (p1)+cosq.¥ . (p1) (96)
and the equation for ¥, is
¥, (p1) =a§r¥* dp2K - (p1,p2) Zl cosqi¥1(ps)/{w—39+3 ; [cos(K — pa)i1+cos par cosg; ]} . 97)

Here, q is given by (95). The equations for ¥, and ¥,
can be written down by inspection of (97) and (94).
We shall not discuss these three-dimensional equations
any further.

V. THREE-SPIN BOUND STATE IN
ONE DIMENSION

Even Eq. (91) is sufficiently difficult for any an-
alytical solution. However, a numerical method is
suitable. We replace the integral by a sum to get a set
of linear equation, and the bound-state solution is
obtained as the zero of the determinant of this set of
equations. For each fixed value of the c.m. momentum
K, the determinant can be plotted against » to find

( 1o A). Ahmadzadeh and J. A. Tjon, Phys. Rev. 139, B1085
1965).

the zeros. Actually it is easy to guess the eigenvalue.
When the three inverted spins move together as a unit,
the dispersion law must be E~ (1 —cosK), as shown by
(41) and (43). The exact numerical factor can be fixed
by induction to be %.
E=3J(1—cosK),

w=%t(1—cosK). (98)

Bethe? verified that this was the correct eigenvalue. In
the absence of any knowledge of the function ¥(p), we
proceed as follows. Write (91) as

T(p) =\ / K (K, pr, )T (p)dps,

-_T

(99)

with « replaced by (98). Replace the integral by a sum
where the kernel X (K,p1,p:) is obtained from (91)
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